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Background

Goal: estimating causal effect

Ideal: randomized experiment

Reality: observational study

Challenge: confounding variables

Solution: adjust for confounders

Confounder

Treatment Outcome
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Limitation of a Single Prognostic Score

Previous approach: predict outcome without treatment (Hansen,
2008)

Treatment effects may vary across individuals

Important information may be lost

Not sufficient for estimating a standard parameter: average causal
effect (ACE)
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Contribution

Propose full prognostic score (FPGS)

Uses two predictions: control and treatment

Enables better adjustment for confounding when estimating the ACE

Applicable with both standard and machine learning (ML) -based
estimators
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Theory and proposed method

Potential Outcomes and ACE

For each individual:

Treatment Outcome
Treatment (T = 1) Y (1)

No Treatment (T = 0) Y (0)

Key challenge: We observe only one outcome

Goal: Estimate the ACE

ACE = E
(
Y (1)− Y (0)

)
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Theory and proposed method

Key Assumptions

All individual characteristics are measured (No unmeasured
confounding)

Each individual could receive either treatment (Overlap)
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Theory and proposed method

Prognostic Scores, ψt(X )

Y (t) ⊥ X | ψt(X ), t = 0, 1

Prognostic score summarizes outcome information

Individuals with same score are comparable

Can be used to estimate treatment effects
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Theory and proposed method

Full Prognostic Score (FPGS)

Definition

ψ(X ) = {ψ0(X ), ψ1(X )}

Combine control and treatment prognostic scores

Captures both potential outcomes

Provides richer information for each individual
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Theory and proposed method

Full Prognostic Score (FPGS)

Using conditional expectations

ψµ(X ) =
(
µ0(X ), µ1(X )

)
µ0(X ): expected outcome without treatment

µ1(X ): expected outcome with treatment
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Theory and proposed method

Proposed Method

Observed data: outcome, treatment, covariates
↓

First-step regression
Fit separate outcome models in treated and control groups

↓
Predicted outcome under treatment and under control

↓
Construct the FPGS

(some estimators can use the FPGS in this stage, e.g. matching on the FPGS)

↓
Second-step regression using FPGS

Fit separate models in treated and control groups
↓

Fitted treated and control outcomes for each individual
↓

Estimated ACE
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Estimation methods

Estimation Methods

Why Multiple Methods?

Different methods have different strengths

Some may be robust to model misspecification

FPGS can be used across all these methods

Regression Imputation (RI)

Targeted Maximum Likelihood Estimation (TMLE)

Stratification

Combined with both standard and ML methods; OLS, random forest,
XGBoost
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Simulation study

Simulation Design

All simulations include: confounders, effect modifiers

Setup: n ∈ {500, 1000, 3000}, 1000 replications

Simulation 1:
Linear relationships
Continuous covariates

Simulation 2:
Discrete covariates

Simulation 3:
Complex version of first simulation
Nonlinear complex relationships
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Simulation study

Simulation Results

OLS-based estimators show consistently low bias and MSE
ML-based estimators have higher bias in small samples
Performance improves with larger sample sizes
FPGS combined with ML improves performance in complex settings
Nonlinear setting shows clear differences between methods
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Empirical Analysis

Empirical Analysis

Data: NHANES (2007–2008)

Effect of smoking on blood lead levels

Study population: Males (N = 1392)

Treatment:

Smokers (N = 386): daily smokers
Non-smokers (N = 1006): < 100 cigarettes lifetime, no smoking in
past 30 days

Outcome:

Blood lead level (µg/dL)

Covariates:

Age, education, income, family size
Marital status, army service, birth country
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Empirical Analysis

Empirical Results and Sensitivity Analysis

Estimated effects are consistently positive across methods

Effect size ranges from 0.80 to 1.00 µg/dL

FPGS estimators show higher variability

Sensitivity analysis using negative control outcome

Estimated effects close to zero
Suggests limited unobserved confounding
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Key Insights

Key Insights

FPGS introduced

Sufficient for confounding adjustment under effect modification to
estimate ACE

Works with both classical and ML methods

No single estimator is uniformly optimal

Linear settings: OLS-based estimators perform well

Complex settings: flexible methods can better capture structure
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